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BREAKUP OF A FREE JET OF A VISCOELASTIC FLUID

B. M. Khusid UDC 532.525.2 + 532.135

A large number of papers has been published on the breakup of a jet of a high-viscosity
Newtonian liquid flowing in a low-viscosity medium. The results of these papers show that
there exist three regimes of jet breakup, depending on the flow velocities. At low velocities
it breaks up under the action of capillary forces, while the long-wave axially symmetric per-
turbations increase most quickly.

The nature of perturbation evolution changes with increasing velocity. When the dynamic
action of the medium exceeds the capillary forces the long-wave bending perturbations increase
significantly more quickly than the axially symmetric ones. With further velocity increase
the jet breakup into large parts is changed by spraying into a set of small droplets, the
size of which is independent of the jet radius. The main purpose of the present work is to
determine the velocity range in which a jet of a viscoelastic liquid breaks up into large
parts.

We investigate the evolution of long-wave perturbations kR <1 in a circular jet of
radius R of a viscoelastic liquid of density p, flowing with velocity U in a low~viscosity
medium of density po, where k is the perturbation wave number. If for kR <1 the perturba-
tion increment increases monotonically with kR, the nature of the breakup is approximated by
a spray, requiring the study of short-wave asymptotics. The analysis is based on the equa-
tions derived in [1]. We consider jets undergoing primarily extension or compression. This
problem was first formulated in [2]. This mathematically insignificant complication of the
problem makes it possible to estimate qualitatively the effect of a longitudinal strain,
occurring in a viscoelastic jet, on its stability. We choose the rheoclogical equation of a
Maxwell liquid with viscosity n and relaxation time A [3]: T 4+ MDT/Di —W-T +T-W) + he-
(D-T + T-D) = 24D, where D/Dt is the convective derivative, D is the velocity deformation
tensor, Wis the vorticity tensor, T is the stress tensor, and € = 0, 1, and —1, respectively,
for the Jaumann, lower, and upper convective derivatives. The Maxwell liquid model is
the simplest model qualitatively describing many properties of polymer liquids: instantaneous
elasticity, stress relaxation, difference in normal stresses, etc. [3]. The equations for the
additional capillary and hydrodynamic pressures occurring during perturbation of a jet sur-
face r = R + r{¢, 2, t) are taken from [4-6]. The system of equations for small perturba-
tions is significantly simplified when it is not necessary to take into account the time
dependence of the longitudinal stress in the jet. This assumption is valid for t/A <1. 1In
the absence of longitudinal stress these equations describe the evolution of perturbations
in a relaxing jet. A solution of the equations is sought in the form exp(ikz + at). The
system of equations decomposes into separate systems, each of which corresponds to a definite
perturbation. We provide the equations for the azimuthal dependence of the surface displace-
ment and the corresponding dispersion equations. The perturbations retaining the jet linear-
ity are:

. ap2 PR R,
=2, eirzw,_:r paR® + ocm(%1 + 1, T) ~ 2V (k2) =0,
o *R* . k¥RY R
£ = L=, = 4£ i i _;_za)\‘ (Th T2 3% ) g V(k,3) =0,

2

Minsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 1, pp.
54-63, January-February, 1982, Original article submitted December 15, 1980.
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Here ¢ is the surface tension, and Kn( ) is the MacDonald function

p, (a4 ikU)® K, (kR) + % (1— n?— k2R?).

Vik,n)= B AT

The effect of the shape of the rheological equation is manifested on the equation for the
longitudinal stress T and the coefficients n;, nz, ng, and n,: the lower convective deriva-
tive ny = nz = n/(L = AD, ns = ny = n/(L + 23D, T = 3a"™/[(1— Al)(l + 2aT)], the upper con-
vective derivative n; =1, = n/(1 + AD), nz = ns = n/(l — 2D, T = 3nI/[(1 + AD)(1 — 2A) ],
and the Jaumann derivative n: = na =1, n2 = n{l + (3/2)AT), ns =n(l — 3/2)\), T =
3nT (T'is the velocity of primary extension).

In the long-wave approximation the equations derived coincide: with the Rayleigh equa-
tions [4] for an ideal liquid and account of capillary forces only; with the Bohr equation
for stationary perturbations relative to a nozzle in a jet of a viscous liquid flowing from
an elliptic nozzle (u = ikU); with the Weber equation [6] for axially symmetric perturbations
of a viscous liquid jet; and with [2, 7] for axially symmetric perturbations of a viscoelastic
jet with n, = n2 = nas. It was suggested in [6] to treat the bending oscillations of a vis-
cous liquid jet by means of the theory of bending of an elastic beam. Unlike [6], the equa-
tions for bending perturbations were derived by us directly from the equations of hydrodynam-
ics., Since the literature does not contain a detailed analysis of bending jet perturbatioms,
we describe them in more detail. For [ak} & 1 the equations for viscous and viscoelastic
liquids coincide. Retaining in the dispersion equation the dominant terms in kR, we obtain

AN q V2], 2em? B
(“ o )[12 +3—p§§ 4<pﬂg) T 12 932—*— 932 kzﬁz =0, (1)

When the viscous forces are small, the dispersion equation acquires the form

o (oo am)

= 0. (2)
p+ Po P+ 0, 0

a’ - 2ia

Two roots, corresponding to quickly damped perturbations, are lost in this case. A perturba-

0. 11/2
tion growth occurs for pU%(p + po) > 0/R. We introduce the quantity E:[ +°p (1 —-———;212)} .
P ()

pUR
w » characterizing the relation between hydrodynamic and viscous forces. For £ 2> 1 Eq. (2)

is valid for all kR<{1l. 1If £« 1, Eq. (2) applies only to sufficiently long waves (p/(p +
po))kR® <« (8/3)£. TFor shorter waves (p/(p+ po))k®R® 3> (4/3)E the inertial forces are weak:

49



1§ B AKR

EB A O

1

% pr?

pal?

,22//0R2

kR

FJr
2Nv ?_U L.
9 ) i LT ] ! JI ©
< Q - Ty s
7 /1
L 7
Zirantss
/ ] . \\ / ! ~r
re /
b ol
b N e b
< o [
S & N < =
x Q, | S W Jxﬂ . 2 oo
Q PN / \ L ey
o ™ If/ N, R — i
Ny '
|._C e R /[f :
oL _ . .
o [w) o (] [»]
< 9 '8 T Y|
— o~
. \A .
-]
m.o > .
x4 2 o
>~ m m
¥ ~
WJ x o A oy g
R S LS S ) =
. N aw_/ o} t\a .
NN T TN TTRNT R
TR R NENE -
— S h AY /
o (% _ NUEA N o o
P | SN | @
| < nK? ; Bt St N \ L w_w
| < _ h'w\ Lodo pu. * AL A\ A o m
| = i ! N\ ~
AR Ak AR
- rmc - VU . \ of Q
1N ) ; i “ N _4/ N
¥ -l < ¥ -l < ~ . AN B
| i NN
. I L S
1 Q Q
Q

50



4 (%Uz _ OIR) -
80y ( pURY 1
Snk°R’ \“" ) (pn ) k"Ra]

For £ € 1 the depedence of the increment Re(a) on kR has a minimum at kR ~ [({p + po)/p)E] /3.
The corresponding value is

(3)

[¢ B~

(00" = oIR)’ ]

Re (a,\ma\"’[ (p+p )T]RZ
[

. 13
We note that for (gi55§4) « 3 one can replace Eq. (1) for all kR <1 by

0 n 452
af-j—za(i 0 Uk+-°~"kﬂ)~
P Py

U*— /R) ¥*
(pU" —o/R) K %)

[ 0

An equation similar to (4), for py <K p, was derived by a different method in {8]. The
same result is also obtained by the dispersionequation of [6], if it is taken into account that in this
case a < 3n/pR?. The calculation of the velocity distribution across the jet gives for
planar bending perturbations the expression

vza%“ivkki%FL) —Lh—e—me}
similarly to the displacement distribution for planar bending of an elastic bar. Thus, the
analogy suggested by Weber [6] between a jet and an elastic beam is valid for (1 + po/
0)1/2£%/2« 3, 1f £ > 1, the velocity distribution across the jet is given by the relation
' 3 3 2~,L 2 kil
\'zazoui—; k'—ff—-s'i-) k2—ey

zhze~],

and here the Weber analogy does not apply.

For [aA]:» 1 the dispersion equation of bending osc1llat10ns is given in the following
form, retaining only the main terms in kR:

2\]1<11,, Ny + 5 5 )A R*

An, . _/i L
. . ApR® , ComE BT R T (ApR‘) _ 5
pot — T'k? 5'14 —V (k) + ) o 0. (5)
. n
¥ - ;\{,)HE 12 + ( 1" -+ (M_)Rz)
Here x = a® + (na/Ap)k®. For x| < 4n./ApR?® Eq. (5) can be simplified:
Y2 (”’13"!'.21.) 2
a? -+ g - Uk — o — = —F — 2/ jege|E__ o, (6)
v . p0 0 R 2an, p+P,
The perturbation increases for
h
2 " (ﬂ %———)
OU o PN A gepe
ptp, ~ R 2hn,
Thus, the primary extension increases the jet stability, and a compression lowers it. The

increment values reach a maximum at

1/2
7]

ny (2o
4(p+po R

ny (m+ )

Equation (6) is valid for

pp,U*
o+ 0,
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This inequality is possible only for 4in,/pR* > 1.
For |x|>> 4ns/XpR* Eq. (5) can be written in the form

. po ') 2 k2 i 7
@+ 2o 2k — (oo~ 5+ 7~ )p+90 0. | 7

The perturbations increase for ppoU®/(p + po) = o/R + 2n/A — T. For all Maxwell liquids we
have (2n2/A — T) ~ na2/A. Equation (7) is valid for

poU? — a/R + T — 2n/A > max [dn,(p-po)/Aps (p-Hpo) RY/A*].

It is seen from this 1nequallty that the effect of elastlc forces is insignificant in this
case,

A calculation of the velocity field for a relaxing jet of a viscoelastic liquid shows
that upon satisfaction of the conditions under which the dispersion equation of bending
perturbation (5) reduces to (6), the analogy between a jet and a viscoelastic beam can be
used. If the conditions under which (5) reduces to (7) are realized the analogy does not
apply.

As is well known [4-6] for a viscous liquid, among the perturbations retaining jet linear-
ity the axially symmetric ones increase most quickly. A similar result is also obtained for
a viscoelastic liquid. For [ak]<§ 1 the dispersion equations coincide for viscous and visco-
elastic liquids. Retaining only the main terms in kR, we obtain

(p + pys) a® 4 2a (iposUk + -2—ﬂk2) — [posU2 - -29,—1 (1 —I*R? )] k* == 0.

R K (R) R KR "
Here s§=— K(kR) - IDT for kR 1. For
oR (p+ p,%) R
[(20) (o) + =G e | e (8)
viscous forces can be neglected:
1/2
k
—_ 2 kﬂB2 —— et

If the left-hand side of inequality (8) is significantly smaller than the right-hand side,
the inertial terms do not have to be included:

2 O 22
0ysU +2R(1—LR)
@ = 20 sU
0
(H—t Ik )
For ]aAI}» 1 we obtain from the dispersion equation for a viscoelastic liquid
12
i 0" _pe o T _']_1_:}—_2_’12.4.._.1 ]-q{:i R
o == — +[)o —2 Uk % [p+po U 7 : ( } (()+pas)1/2
The perturbations increase for
PPy " _j2p? ’I,‘i‘zﬂr,»__T_.
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This approximation is applicable if
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and if the following inequality is satisfied for sufficiently short waves:
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For Maxwell 1liquids with lower convective, upper convective, and Jaumann derivatives,
respectively, the quantity (n; + 2n3)/X — T/2 equals: 3n(1l — AT/2)/{2 (1 — AD)(1 + 221,
3n(l — Al/2)/{x x (1L + A — 2x0)], (3n/A)(1 — AT/2). As is seen from these expressions,
the effect of primary extension or compression on axially symmetric perturbations reduces
basically to an increase in the longitudinal viscosity.

Analysis of the dispersion equations for axially symmetric and bending perturbations
shows the importance of the parameter vy = (nhk/pRz)l/z, for a viscoelastic liquid jet. This
parameter equals the ratio of the distance traversed by a shear wave (propagating with
velocity (n/pXx)'/?{3]) during a relaxation time to the jet radius. A similar quantity,
called the elasticity number, was derived in [9] by account of the dispersion equation of
axially symmetric perturbations in a relaxing capillary jet of a Maxwell liquid, obtained
in [9, 10]. The physical meaning of the parameter y and its substantial effect on bending

perturbations were, however, not considered.

Consider the breakup of a relaxing jet with Onesorg number Z = n/vpoR =1, moving in
air (p > po) with sufficiently high velocity poU? > o/R.

The analysis above is valid only for long-wave perturbations kR € 1. To describe the
dynamics of short wave perturbationsize. exp [i(kz + n¢) + at], n = 0 — 3, kR >1, one can use
the dispersion equation for planar (since kR >>n) perturbations on the surface of a semi-
infinite layer of a relaxing viscoelastic liquid. The solution of this problem for a visco-
elastic liquid is obtained from the corresponding solution for a viscous liquid (see [11])
with the replacement n -+ n/(1 + ad) [12]:

{g . Za}k'l 1}2 B pnl,:'lk'l — ok® __ 4ﬂ2k3 [ o 93(1 B a}._)]l'/2 (9)
L L d 1+ ’17.) _l o 0 (-‘2(1 -~ a}»)z Ty H
In the case of a viscous liquid relation (9) can also be derived by the limiting transition

kR > 1 in the exact dispersion equation for axially symmetric perturbations of a circular
jet [11].

We analyze Eq. (9) in more detail than in [12]. For ]aA]<§ 1 the equations for viscoud
and viscoelastic liquids coincide. For Z2z1 and 1<« kR« £ the viscous forces are weak:

_ ar Vp,U* — ok)ipl-k. (10)
For § <K kR & poU*R/0 the inertial forces are weak:
a2 (pU* — ok)/2v. (11)

The kR-dependence of the maximum has a maximum at kR v §. The corresponding value is CQpgay Vv
poU?/n. TFor poU? < n/) the effect of elastic forces is not manifested. For poU2 > n/A Eq.
(9) also reduces to the two limiting expressions (10) and (11). This, however, occurs in a
different range of wave numbers. Relation (10) is valid for 1< kR « (poU? — n/A)/(o/R), and
(11) for (poU* — 2n/2)/(0/R) < kR < poU?R/0. The kR-dependence of the increment has a maxi-
mun at kR = B = 2p,U°R/(30). The corresponding value is omax =~ (2/3v3))[(poU?)%/%/(cvD)].

Figures 1 and 2 show schematically the dependence a(kR) for axially symmetric (Fig. 1)
and bending (Fig. 2) perturbations for various values of poU®?. The abscissa shows values of
the aerodynamic pressure poU? in the range relevant to the dependenceofkR). When there exists
a portion o > 1/X for a viscoelastic liquid, by the dashed lines we plot the portions of the
curve a(kR) which differ for a Newtonian liquid with the same viscosity. Figures 1 and 2
illustrate the effect of viscoelastic forces on breakdown, generated by the aerodynamic ac~
tion of air. The increments of axially symmetric perturbations for viscous and ideal liquids,
as well as of bending perturbations for an ideal liquid, were calculated in [4, 14] without
simplifying approximations. The corresponding curves for various values of the parameters
were given in [15].

For curves 1 and 2 (Fig. 1) ax € 1, and the axially symmetric perturbations evolve as
in the case of a viscous liquid. For curve 1, £ €1, and for kR.Q;Ze'ﬂﬁz the inertial forces
are weak: o azspoU?/3n; for curve 2, £>1, and the viscous forces are weak: o = vpos/p'Uk.
For curve 3, ol > 1, and the effect of elastic forces is manifested.* Here, however,

*Similar figures were constructed in [13] for long-wave breakup of a jet. However, maxima

were erroneously noted on curves 1-3 for kRvl, This is based on replacing the MacDonald
functions by their first expansion terms for kR « 1. The remaining results of [13] are correct.
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poU? >n/X, and they can be neglected. The dependence a(kR) of the long-wave breakup, 1—3,
transform for kR > 1 to the corresponding dependences of the short-wave breakup, I and IIL.*
Curve I describes expression (10), and curve II describes expression (11). The effect of
elastic forces (the relation between poU® and n/}A). in the short-wave region is mostly mani~
fested in the wave number regions in which the approximate equations (10) and (11) are valid.
It is seen from relation (9) (as well as (11)) that a(kR) = 0 at kR = poU?R/0c (point A on
Figs. 1 and 2). Perturbations with shorter waves are damped.

Comparison of the behavior of viscous and viscoelastic liquids shows that when vy<'1
and poU? &« n/) the breakup of a viscous and viscoelastic jet occurs idemntically. For pol?
n®/pR* the long-wave bending perturbations with wave numbers kR ~ £/, a v (poU*/vp x nR*)?*/?,
When pa2/pR* < poU? € n/X the short-wave length perturbations kR ~ £, o n poU?/n develop more
quickly. When v > 1 the breakups of a viscous and a viscoelastic jet are similar only for
poU2YpnR2/X3. For vpn X R/A° € poU? € n/1 long-wave perturbations kR ~ (2poU%x/3n)*/2,
o v poU?/3npR?*/1)*/? increase more quickly in a viscoelastic jet. Their wavelength is shorter
than for perturbations with the largest increment for a Newtonian liquid with the same vis~
cosity. For poU?>> n/) short-wave perturbations kR ~ 2poU?R/30,a ~ 2(poU?/3)%/?/avp develop
more quickly in a viscoelastic jet, independently of the quantity y. In a Newtonian liquid
with similar viscosity the perturbation wavelengths with maximum increment are larger.

Figure 3 shows the effect of jet velocity on the maximum value of the bending perturba-
tion increment and the corresponding dimensionless wave number for a jet with parameters:
p=1g/em®, po = 1072 g/cm®, n = 10® Pa-sec, 0 = 6:10"°(N/m, R = 10~? m. For curves 1 and
2 » =0.1 sec, vy = 31.6) for curves 3 and 4 A = 0.03 sec, vy = 17.3) curves 5 and 6 are a
Newtonian liquid, y = 0. The results of calculations, A = 107° sec, y = 3.16 practically
coincide with curves 5 and 6. As seen from Fig. 3, for low velocities the effect of elastic
properties is insignificant. The maximum increment value increases with y, and the wave
number of the corresponding perturbation decreases. Figure 4 illustrates the effect of elas-
tic properties on the nature of the dispersicn curves. For curves 1l and 2 U = 80 m/sec, for
3 and 4 U = 50 m/sec. The odd numbers correspond to a viscoelastic liquid A = 0.1 sec, and
the even numbers to a Newtonian one. The remaining jet parameters are the same as in Fig. 3.

The effect of primary jet extension is manifested only on perturbations growing more
quickly than the liquid relaxes.

For a jet with y <1 the effect of primary extension basically reduces to a change in
the viscosity value. For y » 1, along with a variation in the viscosity value the longitu-
dinal tension decreases the effect of the aerodynamic pressure poU” on the development of
bending perturbations (see Eq. (6)).

Thus, the comparative analysis performed for viscous and viscoelastic liquids shows that
the presence of elastic properties, described by the Maxwell model, changes qualitatively the
nature of jet breakup.
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